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Ultra-thin 3D topological insulators provide a stage to study the surface physics of such materials by
minimizing the bulk contribution. Further, the experimentally verified snowflake like structure of the
Fermi surface leads to a hexagonal warping term, and this discourse examines it as a perturbation
in the presence of a magnetic field. We find that there are corrections to both energy dispersion
and eigenstates which in turn alter the density of states in the presence of a magnetic field. Both
the quantum capacitance and the Hall coefficient are evaluated analytically and it is shown here
that we recover their established forms along with small corrections which preserve the object
of treating hexagonal warping perturbatively. In our approach, the established Hall conductivity
expression develops several minute correction terms and thus its behavior remains largely unaffected
due to warping. The zero-temperature quantum capacitance exhibits SdH oscillations with reduced
frequencies, with a lowered average capacitance with increased warping of the Fermi surface, while
maintaining the usual amplitudes.
PACS numbers: 73.20.-r, 75.70.Tj, 73.43.Cd
I. INTRODUCTION
Recent studies on a new state of matter called a topological insulator (TI) have shown potential advancement for
spintronic applications [1–3] due to an inherent spin-momentum locking described by the Rashba [4] Hamiltonian,
characterized by a Dirac piece. Materials like Bi2Te3, Sb2Te3, and Bi2Se3 have been known to exhibit the properties
of a TI [5], which involves conduction of electrons on the surface of an insulator. Scanning tunneling microsopy [6] and
photoemission spectroscopy [7–9] experiments have shown the existence of the single Dirac cone in TI’s, verifying the
proposed linear energy spectrum. However, as most theoretical insulators are in practice conductors due to doping
and crystal lattice defects, transport phenomena are difficult to map accurately, and to this end, research is now
directed towards thin film TI’s which facilitate the exclusion of contributions from the bulk [10–12]. Essentially, for
some 3D TIs (e.g. Bi2Te3), when one increases chemical potential beyond the Dirac point, a continuous change in
the Fermi surface can be obtained due to helical Dirac Fermions [14, 15] existing on the surface. The shape of the
corresponding Fermi surface changes from a circle to a snowflake like structure [13]. This phenomenon is well described
by a hexagonal warping term proposed by Fu [16] in addition to the original Rashba Hamiltonian. It is worth noting
that this new Hamiltonian is 3-fold invariant while the corresponding energy dispersion is 6-fold invariant due to time
reversal symmetry [16].
More significantly, in the ultra-thin limit the top and bottom states of a TI begin to hybridize [17, 18] leading to
a cross over from 3D to 2D surface states. This is easily accounted for by adding a small hybridization term to the
TI Hamiltonian and it can be shown that Schro¨dinger piece, which is the generator of particle-hole asymmetry [19],
is negligible in this context. Properties of ultra-thin TI’s such as magneto-optical response [20, 21] and quantum
spin Hall [22] and anomalous Hall [23] effects, and possible exitonic super-fluidity [24] have been studied theoretically,
along with spin texture and circular dichroism in the absence of a magnetic field [25]. A literature search reveals that
most theoretical studies in this this field have been conducted assuming a uniform Fermi surface and so it is useful to
study the effects of the inhomogeneity induced by the hexagonal warping term on different physical quantities. We
consider the impact of the warping term on the Hall conductivity and the zero temperature quantum capacitance in
ultrathin TI’s, and illucidate on the characteristics of these quantities which are different from the non-warping case
and maybe experimentally verifiable.
However, the exact solution to the Hamiltonian in its gauge invariant form in the presence of a magnetic field as
well as warping is likely mathematically intractable as are most an-harmonic oscillators. To our advantage, we treat
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2the hexagonal warping parameter λ to be small [25] with the Dirac piece being the dominant contribution up to
the Fermi surface. As a consequence, in this paper we will be looking at the effects of hexagonal warping on Hall
conductivity and quantum capacitance in the presence of a magnetic field using time independent perturbation theory.
The corrections to the energy dispersion and states of the Rashba Hamiltonian with the Zeeman and hybridization
pieces will be determined treating the hexagonal warping term perturbatively.
The following is the structure of the paper. In section II we reiterate the solution to the Rashba Hamiltonian along
with the Zeeman and hybrization terms in the presence of a magnetic field [26], ignoring the Schro¨dinger term. We
then consider the hexagonal warping term perturbatively and we derive the first and second order corrections to the
energy dispersion. We present an analytical calculation for the asymptotic density of states (DOS) in the presence
of a magnetic field using the technique of self energy. In section IV we determine the correction to the eigenstates of
the Hamiltonian stated above using first order perturbation theory and use this result to evaluate the Hall coefficient.
Quantum capacitance is determined analytically in Section V using the DOS obtained in Section III. Conclusions are
presented in Section VI.
II. THE ULTRATHIN TI HAMILTONIAN AND THE WARPING SPECTRUM
We begin by considering a Hamiltonian of a TI, similar to the one proposed by Fu, but with an additional piece to
account for the hybridization of the top and bottom states in the ultra-thin regime [25].
H = ~vF (σxpiy − τzσypix) + (∆zσz + ∆tτx) + λ
2
σz(pi
3
+ + pi
3
−), (1)
The first term in the r.h.s of (1) is due to spin-momentum locking effect, with vF as the Fermi velocity. σi
and τi with i = x, y, z are thel spin and the surface pseudospin degrees of freedom. Here pi denotes the minimal
momentum and τz = ±1 denotes symmetric and anti-symmetric surface states respectively. The second term has two
components, the first of which is for Zeeman interaction ∆z =
gµB ~B
2 , arising because of the external magnetic field
~B = Bzˆ with g and µB being the electron g factor and Bohr magneton respectively. The second component ∆t is
the hybridization energy and it accounts for the tunneling between the two surface states. The last term in the right
hand sight of (1) is the hexagonal warping term, with λ as the warping parameter. We denote H = H0 + Hp where
H0 = ~vF (σxpiy − τzσypix) + ∆zσz + ∆tτx and Hp = λ2σz(pi3+ + pi3−) for convenience. We ignore the warping term for
the moment and proceed to state the solution to H0. In order to diagonalize the Hamiltonian H0, Landau operators
are introduced as a = l√
2
(pix − ipiy), a† = l√2 (pix + ipiy), where l =
√
c
eB is the magnetic length and ~pi = −i~∇+ ec ~A,
is the gauge invariant momentum. In terms of the ladder operators H0 is reexpressed as
H0 =
iωc√
2
τz(σ+a− σ−a†) + ∆zσz + ∆tτx, (2)
where ωc = vF /`, is the characteristic frequency analogous to the cyclotron frequency of a usual 2DEG.
The single-particle eigenstates have the following general form [26]:
|nαs〉 = uαsnT↑|n− 1, T, ↑〉+ uαsnT↓|n, T, ↓〉+ uαsnB↑|n− 1, B, ↑〉+ uαsnB↓|n,B, ↓〉. (3)
|n, T (B), ↑ (↓)〉 represents the n-th Landau Level (LL) eigenstate [26] pertaining to the Hamiltonian in Eq.(2), on
the top (bottom) surface with spin up (down). Here α = 0, 1, s = ±, n = 0, . . . ,∞, and uαsn are the corresponding
complex coefficients, which can be obtained as
uαsn = [is(−1)αfnαs+,−sfnαs−, i(−1)αfnαs+, fnαs−] , (4)
where
fnαs± =
1
2
√
1± ∆z + s∆t
nαs
. (5)
The corresponding state energy is:
Enαs = (−1)α
√
2ω2cn+ (∆z + s∆t)
2. (6)
Since the complete Hamiltonian also contains an anharmonic term Hp, we proceed to the use of time independent
perturbation theory to determine the corresponding energy corrections. Only the dynamical component of the ladder
3operators will be utilized for this purpose as it can be readily shown that the contribution from the field is negligible.
The first order correction to energy collapses trivially as
E1nαs = 〈nαs|
λ
2
σz(pi
3
+ + pi
3
−)|nαs〉 = 0. (7)
As is standard, we therefore proceed with second order energy correction calculations, and the general form for this
is as follows.
E2nαs =
∑
n′α′s′ 6=nαs
| < nαs|Hp|n′α′s′ > |2
En − En′
. (8)
Note that the summations in the above expression are only on the primed variables. A little algebraic manipulation
on the determinant of the matrix element < nαs|Hp|n′α′s′ >, yields
| < nαs|Hp|n′α′s′ > | = An′+2uαs∗nT↑uα
′
s
′
n′T↑ < n− 1, T, ↑ |n
′ − 2, T, ↑〉 −An′+3uαs∗nT↓uα
′
s
′
n′T↓ < n, T, ↓ |n
′
+ 3, T, ↓〉 (9)
+ An′+2u
αs∗
nB↑u
α
′
s
′
n′B↑ < n− 1, B, ↑ |n
′
+ 2, B, ↑〉 −An′+3uαs∗nB↓uα
′
s
′
n′B↓ < n,B, ↓ |n
′
+ 3, B, ↓〉
+ An′−3u
αs∗
nT↑u
α
′
s
′
n′T↑ < n− 1, T, ↑ |n
′ − 4, T, ↑〉 −An′−2uαs∗nT↓uα
′
s
′
n′T↓ < n, T, ↓ |n
′ − 3, T, ↓〉
+ An′−3u
αs∗
nB↑u
α
′
s
′
n′B↑ < n− 1, B, ↑ |n
′ − 4, B, ↑〉 −An′−2uαs∗nB↓uα
′
s
′
n′B↓ < n,B, ↓ |n
′ − 3, B, ↓〉,
where An′+p =
√
(n′ + p)(n′ + p− 1)(n′ + p− 2) and An′−p =
√
(n′ − p)(n′ − p− 1)(n′ − p− 2).
For a non-zero result, the conditions 〈n|n′〉 = δnn′ 6= 0 and s = s
′
are mandatory. On explicitly writing out each
term and substituting in the second order energy correction formula, it is easy to arrive at the following expression.
E2nαs =
λ2
16
∑
α′
{
(n− 2)(n− 1)
Enαs − En−3α′s
[√
n− 3(−1)α+α
′
(1 +
∆z + s∆t
Enαs
)
1
2 (1 +
∆z + s∆t
En−3α′s
)
1
2
−√n(1− ∆z + s∆t
Enαs
)
1
2 (1− ∆z + s∆t
En−3α′s
)
1
2
]
+
(n+ 2)(n+ 1)
Enαs − En+3α′s
[√
n(−1)α+α
′
(1 +
∆z + s∆t
Enαs
)
1
2 (1 +
∆z + s∆t
En+3α′s
)
1
2
−√n+ 3(1− ∆z + s∆t
Enαs
)
1
2 (1− ∆z + s∆t
En+3α′s
)
1
2
]} (10)
The complete energy spectrum ETnαs is therefore
ETnαs = Enαs + E
2
nαs (11)
Fig.1 shows the plot between the energy (the unperturbed energy and the second order correction to the energy)
on the y axis with the Landau Level index n on the x axis. One can see that the energy corrections for different
values of λ are small, which justifies λ being treated perturbatively within the limits of the Fermi surface. Here, we
have assumed the following [26, 27]: B= 10 T, ∆z = 5 meV, ∆t = 3 meV, and these parameters remain unaltered
throughout unless stated otherwise. Although for a given λ there may exist an n for which En < E
2
n, this breakdown
cannot be realised in any physical material as the required occupation of LL’s far exceeds that of known materials [16].
Fig.2 depicts that the second order correction to energy due to perturbation increases quadratically with λ, i.e. the
warping parameter. We will utilize the energy correction derived above in the subsequent sections.
III. DENSITY OF STATES CALCULATION
This section contains the formulation of the density of states considering the warped Fermi surface in a perpendicular
magnetic field. DOS calculations are a fundamental aspect of material science which facilitate the calculation of the
Hall conductivity and the longitudinal conductivity amongst others. There’s a strong correlation between the DOS
and the zero temperature quantum capacitance which we shall see in Section V. Here we proceed using the technique
of self energy.
4FIG. 1: Perturbative energy correction in comparison to
LL spectrum with λ = 0.2 and 0.4 eV nm3, α = 0 and
s = 1.
FIG. 2: A plot of second order energy corrections for
different values of warping parameter in the range [0,1].
Considering the self energy of the system as Σ−(E), one can write the following recursive relation [29, 30]
Σ−(E) = Γ20
∑
n
1
E − ETn − Σ−(E)
, (12)
Γ0 is the impurity induced LL broadening in eqn(12). The DOS is then expressed in terms of self energy as
D(E) = Im[
Σ−(E)
pi2l2
Γ20]. (13)
Using the perturbative energy correction derived in the previous section, the modified energy of the system is ETn =
En +E
2
n, where we’ve dropped the labels α and s. Drawing the conclusion that E
2
n << En, and introducing it in eqn
(12), we arrive at
Σ−(E) = Γ20
∑
n
1
E − En − Σ−(E) + Γ
2
0
∑
n
E2n
[E − En − Σ−(E)]2 , (14)
on Taylor expansion. The form of this expression is of great advantage as we are familar with the closed form for the
first term [28] as shown below.
Γ20
∑
n
1
E − En − Σ−(E) =
2piΓ20E
(~w2c )2
cot(pin0), (15)
where n0 =
1
(2~w2c)2
[{E − Σ−(E)}2 − (∆z + s∆t)2] is the pole.
The above sum incorporates a factor of two due to the symmetric filling of states for either value of α, and
we will extend this to the algebra pertaining to the second term. This term shares a repeated pole with the first term
and we utilise the residue theorem and a standard summation formula in its evaluation. Then,
Σ−(E)second term = − piΓ
2
0
4(~w2c )4
[
4EE2ncot(pin) + 4E
2E2n
[
−picosec2(pin) + cot(pin) d
dn
E2n
]]
n=n0
. (16)
Noting that E  1, neglecting higher order terms in E and introducing the factor due to α, lands us at
Σ−(E) =
2piΓ20E
(~wc)2
(
1− E
2
n0
(~wc)2
)
cotpin0. (17)
Ignoring the self energy contribution to the pole, and using the method in ref.[3] we can extract the total DOS by
summing over each s branch.
D(E) =
∑
s=±1
D0(E)
2
[
1 + 2
∞∑
u=1
exp{−u(2piΓ0E
~2wc2
)2}cos{upi(E
2 − (∆z + s∆t)
(~wc)2
}
](
1− E
2
n0
(~wc)2
)
, (18)
5where n0 =
1
(~wc)2
[
E2 − (∆z + s∆t)2
]
.
We’ve recovered the asymptotic form (n > 1) of the DOS [27, 28] with a minute additional term which manifests due
to warping. It turns out that the above expression can be further simplified by reexpressing the infinite sum as follows:
S = Re
[ ∞∑
u=0
exp{−γ2u+ iβu}
]
(19)
with
γ = (
2piΓ0E
~2w2c
) , β = (pi
[E2 − (∆z + s∆t)2]
~2w2c
). (20)
Summing the infinite geometric series we obtain,
S = Re
[
exp{γ2}
exp{γ2} − exp{iβ}
]
=
1− exp{−γ2}Cosβ
1− 2exp{−γ2}Cosβ + exp{−2γ2} . (21)
The final expression for the DOS in the presence of a magnetic field then reads
D(E) = D(E, 1) +D(E,−1), (22)
with D(E, s) defined as
D(E, s) =
D0(E)
2
 1− exp{−( 2piΓ0E~2w2c )2}Cos(pi [E2−(∆z+s∆t)2]~2w2c )
1− 2exp{−( 2piΓ0E~2w2c )2}Cos(pi
[E2−(∆z+s∆t)2]
~2w2c
) + exp{−2( 2piΓ0E~2w2c )2}
(1− E2n0
(~wc)2
)
(23)
FIG. 3: Density of states plotted against magnetic field
varying in the range 0.1T to 8T
Fig. 3 shows how the DOS varies from B = 0.1T to B = 8T and one can see that SdH oscillations set in around
5.5T which may be a consequence of the asymptotic form of the DOS. Also, the function is singular at B = 0 and so
it cannot be used to recover the DOS in the absence of a magnetic field. This is typical of quantum systems where
the removal of a quantizing field by setting it equal to zero does not yield desired results. Since, in this paper we
are dedicated to results in the presence of the magnetic field, we will ignore the behavior of the DOS in the absence
of a magnetic field. In the next two sections we will discuss about the role of the above calculated DOS on different
physical quantities.
IV. HALL CONDUCTIVITY
The Hall coefficient of any conducting material is of interest to condensed matter physics [31, 32], and to this
end, we present the following calculation which reveals an analytic form for the Hall coefficient of an ultra-thin TI.
To determine this,we apply the Kubo formula for which one requires the perturbatively corrected eigenstates of the
Hamiltonian presented in section II. The form of the first order eigenstate correction is
|ψncorrected〉 = |ψn〉+
∑
n′ 6=n
| < ψn′ |Hp|ψn > |
En − En′
|ψn
′
> . (24)
6Since the calculation here involving the evaluation of the matrix element < ψn
′ |Hp|ψn > bears a stark similarity to
the energy correction, we’ll state the result directly, but we note that the equation above needs to be modified with
sums over α
′
and s
′
as a starting point and as usual the requirement s = s
′
holds.
|n α s〉 = |nαs〉0 + λ
2
∑
α′
[
An−3uαs∗nT↑u
α
′
s
n−3T↑ −An−2uαs∗nT↓uα
′
s
n−3T↓ +An−3u
αs∗
nB↑u
α
′
s
n−3B↑ −An−2uαs∗nB↓uα
′
s
n−3B↓
]
En − En−3 |n− 3 α s〉0
+
λ
2
∑
α′
[
An+3u
αs∗
nT↑u
α
′
s
n+3T↑ −An+2uαs∗nT↓uα
′
s
n−3T↓ +An+3u
αs∗
nB↑u
α
′
s
n+3B↑ −An+2uαs∗nB↓uα
′
s
n+3B↓
]
En − En+3 |n+ 3 α s〉0
= |n α s〉0 + Cn−3 α s|n− 3 α s〉0 + Cn+3 α s|n+ 3 α s〉0, (25)
where the Cn’s are defined as
Cn−3 α s =
λ
2
∑
α′
[
An−3uαs∗nT↑u
α
′
s
n−3T↑ −An−2uαs∗nT↓uα
′
s
n−3T↓ +An−3u
αs∗
nB↑u
α
′
s
n−3B↑ −An−2uαs∗nB↓uα
′
s
n−3B↓
]
En − En−3
Cn+3 α s =
λ
2
∑
α′
[
An+3u
αs∗
nT↑u
α
′
s
n+3T↑ −An+2uαs∗nT↓uα
′
s
n−3T↓ +An+3u
αs∗
nB↑u
α
′
s
n+3B↑ −An+2uαs∗nB↓uα
′
s
n+3B↓
]
En − En+3 . (26)
To clarify, the subscript zero denotes the un-corrected eigenstates. The coupling of states due to the introduction of
the magnetic field removes the complete spin polarization of the n = 0 LL [26], and the Dirac Fermions don’t possess
a zero mode anomaly. The Kubo-formula is stated below and subsequently we insert the expression from eqn (25) to
determine the Hall coefficient. Note that the primed variables in the summation below are dummy indices and bear
no relevance to prior calculations.
σxy =
ω2Be
2
2pi
∑
nαs 6=n′α′s′
Im [〈nαs|τzσy|n′α′s′〉 × 〈n′α′s′|τzσx|nαs〉] nF (Enαs)− nF (En′α′s′)
(Enαs − En′α′s′)2
(27)
Keeping only leading order correction terms in |Cm|2 since they’re small, and accounting for like terms,
σxy =
ω2Be
2
2pi
∑
nαs 6=n′α′s′
Im [〈nαs|0τzσy|n′α′s′〉0 × 〈n′α′s′|0τzσx|nαs〉0] nF (Enαs)− nF (En
′α′s′)
(Enαs − En′α′s′)2
+
ω2Be
2
pi
∑
nαs 6=n′α′s′
|Cn−3 α s|2Im [〈n− 3αs|0τzσy|n′α′s′〉0 × 〈n′α′s′|0τzσx|n− 3αs〉0] nF (Enαs)− nF (En
′α′s′)
(Enαs − En′α′s′)2
+
ω2Be
2
pi
∑
nαs 6=n′α′s′
|Cn+3 α s|2Im [〈n+ 3αs|0τzσy|n′α′s′〉0 × 〈n′α′s′|0τzσx|n+ 3αs〉0] nF (Enαs)− nF (En
′α′s′)
(Enαs − En′α′s′)2 .
(28)
On simplification, we get
7σxy =
e2
4pi
∞∑
n=0
∑
α=0,1
∑
s=±
(2n+ 1)[nF (nαs)− nF (n+1αs)] + (∆z + s∆t)[nF (n+1αs)
n+1αs
− nF (nαs)
nαs
]
+
ω2Be
2
pi
∑
n
∑
αs 6=α′s′
|Cn−3 α s|2
[
(s2s
′2 + 1)f2nαs+f
2
n−2 α′s′− − ss
′
(f2
n−2 α′s′+f
2
nαs− − f2n−2 α′s′−f2nαs+)
]
× nF (Enαs)− nF (En−2 α′s′)
(Enαs − En−2 α′s′)2
+
ω2Be
2
pi
∑
n
∑
αs 6=α′s′
|Cn−3 α s|2
[
(s2s
′2 + 1)f2nαs−f
2
n−4 α′s′+ − ss
′
(f2
n−4 α′s′−f
2
nαs+ − f2n−4 α′s′+f2nαs−)
]
× nF (Enαs)− nF (En−4 α′s′)
(Enαs − En−4 α′s′)2
+
ω2Be
2
pi
∑
n
∑
αs 6=α′s′
|Cn+3 α s|2
[
(s2s
′2 + 1)f2nαs+f
2
n+4 α′s′− − ss
′
(f2
n+4 α′s′+f
2
nαs− − f2n+4 α′s′−f2nαs+)
]
× nF (Enαs)− nF (En+4 α′s′)
(Enαs − En+4 α′s′)2
+
ω2Be
2
pi
∑
n
∑
αs 6=α′s′
|Cn−3 α s|2
[
(s2s
′2 + 1)f2nαs−f
2
n+2 α′s′+ − ss
′
(f2
n+2 α′s′−f
2
nαs+ − f2n+2 α′s′+f2nαs−)
]
× nF (Enαs)− nF (En+2 α′s′)
(Enαs − En+2 α′s′)2
(29)
The first term in the eqn. (29), denotes the contribution to the Dirac Fermion Hall conductivity for the unperturbed
Hamiltonian and has been derived apriori [26]. The remaining four terms are attributed to the warping correction,
but are completely dominated by the first term even in the absence of Zeeman splitting and the hybridization term.
The usual quantum phase transition is observed with increasing magnetic field at EF = 0 when σxy jumps from zero
to ±e2/2pi.
V. QUANTUM CAPACITANCE
Transport in TI’s have been studied extensively in comparison to its electrostatic properties, but the latter form an
integral part of a comprehensive understanding of their electronic properties. Quantum capacitance measurements,
especially in doped TI’s [33, 34], can reveal the nature of the temperature dependent DOS and enhance our
understanding of their applicability to spintronics [1]. Such measurements have been reported on carbon nanotubes
and mono- and bilayer graphene systems [35, 36] and hold sway on the future of device physics, and can lead
to performance enhanced field effect transistors [37]. This section is dedicated to the discussion of the quantum
capacitance in an ultra-thin TI at zero temperature. While our formalism does not incorporate a temperature
dependence, it is unique in that it accounts for the effects of hexagonal warping.
Quantum capacitance (CQ) is readily defined as
CQ = e
∂Q
∂EF
= e2DT , (30)
where EF the Fermi energy and DT is the temperature dependent DOS, and shown below is a standard form for it.
DT =
∫ ∞
0
dE
∂f(E − EF )
∂EF
, (31)
Here, f(E) is the Fermi-Dirac distribution function, and in the limit of zero temperature, DT=0 = D(EF ), since the
Fermi distribution approaches a Heaviside Step function. Refering to E2ns (the index α is set to 1) as ∆En in order
8to avoid ambiguity, it is easy to write the expression of D(EF ) from equation (18) as
D(EF ) =
∑
s=±1
D0(E)
2
 1− exp{−( 2piΓ0E~2w2c )2}Cos(pi [E2−(∆z+s∆t)2]~2w2c )
1− 2exp{−( 2piΓ0E~2w2c )2}Cos(pi
[E2−(∆z+s∆t)2]
~2w2c
) + exp{−2( 2piΓ0E~2w2c )2}
(1− E2n0
(~wc)2
)
=
CQ
e2
(32)
By appropriate substitution for EF n0 , a complete expression for zero temperature quantum capacitance can be
obtained.
FIG. 4: A plot of quantum capacitance with the Fermi en-
ergy depicting the oscillations around the point of charge
neutrality, which decrease in amplitude far away from
EF = 0.
FIG. 5: This shows the ratio of quantum capacitances at
warping parameter values λ = 0.5 and λ = 0 versus Fermi
Energy
FIG. 6: A plot of quantum capacitance with the magnetic
field for different values of the warping parameter.
FIG. 7: This shows the variation of quantum capacitance
with warping parameter and Fermi energy.
In Fig.4 we can see oscillations in quantum capacitance with consistent [27, 28] but additional amplitude damping
as a contribution from the hexagonal warping term, which is small due to the perturbative nature of λ. This is
demonstrated in Fig.5 where the amplitude damping at λ = 0.5 eV-nm3 is compared to the case when warping is
absent by plotting the ratio of quantum capacitances at these values of λ. The form of the DOS and consequentially
that of quantum capacitance is asymptotic, and it fails to recover the electron-hole asymmetry at the point of charge-
neutrality. However, it proves useful in predicting the behavior of the quantum capacitance for larger values of Fermi
energy and shows a correspondingly receding envelope of these oscillations.
SdH oscillations are observed in Fig.6 with known amplitude variation [27] for different values of the warping
parameter, and with reduced average capacitance and frequency damping as the warping contribution rises, the latter
of which may be due to the asymptotic form of the DOS. Fig.7 shows the variation of CQ with EF and λ, and we see
the quantum capacitance increasing with Fermi Energy due to charge accumulation. For a given EF , we notice that
the warping term increments lead to a dip in quantum capacitance which is consistent with our earlier results.
The ratio of values of quantum capacitance (Fig.5) are of the order of 10−2 at magnetic field of 5T, and there is
little change to this ratio on variation of the magnetic field in the range 1T and 10T. A measurement of this ratio upto
9the stated order, along with observations of reduced frequency SdH oscillations, and receding oscillations in quantum
capacitance as a function of Fermi energy in different materials such as Bi2Te3 and Sb2Te3 with experimentally
established warping parameters [16] in field strength ranges of 2T to 8T might provide experimental proof of the
results stated here.
VI. CONCLUSION
In this paper, we have investigated the properties of a warped ultra-thin TI film in the presence of a perpendicular
magnetic field. In the ultra-thin limit, hybridization between the top and bottom surfaces of the TI is considered,
along with the usual relativistic Dirac piece and the term due to Zeeman splitting. In addition and significantly, we’ve
managed to incorporate the effects of the newly proposed hexagonal warping component by treating it perturbatively,
and have obtained the correction to the LL’s, demonstrating that the first order energy correction vanishes. The
second order correction is readily obtained and is shown to be miniscale in comparison to the unperturbed LL’s,
thereby justifying our methods.
Calculations for the DOS is done analytically and leads to the recovery of an expression found in a recent pub-
lication [28]. This form is coupled with a factor accounting for the warping contribution and provides a complete
analytical expressions for the DOS for an ultra-tin TI film.
Furthermore, the Hall conductivity of the warped TI film is derived by determining the first order state corrections
and then employing the Kubo formula. Once again, we recover established results [26], including but not limited to
a quantum phase transition, and go on to show that the warping term has little effect on it, making this a useful
observation for 2D TI transport.
Lastly, we’ve turned to the calculation of zero-temperature quantum capacitance, using it’s very direct connection
to the Fermi surface DOS. In the process of our analysis, we found that quantum capacitance persists with it’s show
of oscillations as a function of Fermi energy but they are further damped due to the presence of the warping term
and we predict that these oscillations tend to die out for large values of EF . SdH oscillations are also observed with
remarkable similarity to established results [27] but with a reduced average capacitance and damped frequency.
While the effect of quantum capacitance can be ignored in most conventional devices, it is crucial to the development
of nano scale technology which employs ultrathin topological insulators. To this end, it is important to note that
while experiments have found hexagonal warping, there have been no experiments which have measured the effects
of hexagonal warping on quantum capacitance in ultrathin TI’s. Experiments have measured Hall conductivity and
quantum capacitance [38, 39], wherein the sample was thick enough to minimize the effects of hybridization of the
top and bottom surfaces, and without considering the effects of hexagonal warping. We’ve shown that our results
are consistent with the findings of such experiments and the corresponding theoretical analyses. As such, one can
measure the quantum capacitance by varying the channel voltage between a gate and an ultrathin TI, and noting the
corresponding charge response. We propose that future experiments be conducted on gated devices in conjunction
with ultrathin TI’s, with parametric ranges consistent with those used in this paper, the results of which may be used
to validate our claims.
During this discourse, we have stressed on the derivations of quantities fundamental to almost any condensed
matter system, both in transport and in electrostatics, and stated possible ranges of parameters to facilitate
experimental validation. It is felt that significant contributions in the understanding of thin-film TI’s lie in the
understanding of the hexagonal warping and the results presented here may be adopted to analyse other interesting
properties of ultrathin topological insulators.
Acknowledgement: Debashree Chowdhury would like to acknowledge DST (DST/PHY/20120242) for financial
support.
[1] B. Seradjeh, J.E. Moore, and M. Franz, Phys. Rev. Lett. 103, 066402 (2010).
[2] I. Zutic, J. Fabian and S. Das Sharma, Rev. Mod. Phys. 76, 323 (2004).
[3] A. Wolf et, Science. 294, 1488 (2002).
[4] Y.A. Bychkov and E.I. Rashba, J. Phys. C: Solid State, 17, 6039 (1984).
[5] H. Zhang, C.X. Liu, X.L. Qi, X. Dai, Z. Fang and S.C. Zhang, Nat. Phys. 5, 438 (2009).
[6] P. Roushan, J. Seo, C.V. Parker, Y.S. Hor, D. Hsieh, D. Qian, A. Richardella, M.Z. Hasan, R.J. Cava, and A. Yazdani,
Nature 460, 1106 (2009).
[7] D. Hsieh, D. Qian, L. Wray, Y. Xia, Y.S. Hor, R.J. Cava, and M.Z. Hasan, Nature 452, 970 (2008).
10
[8] D. Hseih, Y. Xia, L. Wray, D. Qian, A. Pal, J.H. Dil, J. Osterwalder, F. Meier, G. Bihlmeyer, C.L. Kane, Y.S. Hor, R.J.
Cava, and M.Z. Hasan, Science 323, 919 (2009).
[9] Y. Xia, D. Qian, D. Hseih, L.Wray, A. Pal, H. Lin, A. Bansil, D. Grauer, Y.S. Hor, R.J. Cava, and M.Z. Hasan, Nat. Phys.
5, 398 (2009).
[10] G. Zhang, H. Qin, J. Teng, J. Guo, Q. Guo, X. Dai, Z. Fang, and K. Wu, Appl. Phys. Lett. 95, 053114 (2009).
[11] H. Peng, K. Lai, D. Kong, S. Meister, Y. Chen, X.L. Qi, S.C. Zhang, Z.X. Shen, and Y. Cui, Nat. Mater. 9, 225 (2010).
[12] Y. Zhang, K. He, C.Z. Chang, C.L. Song, L.L. Wang, X. Chen, J.F. Jia, Z. Fang, X. Dai, W.Y. Shan, S.Q. Shen, Q. Niu,
X.L. Qi, S.C. Zhang, X.C. Ma, and Q.K. Xue, Nat. Phys. 6, 584 (2010).
[13] Y.L. Chen, J.G. Analytis et al., Science 325, 178 (2009).
[14] M.Z. Hasan and C.L. Kane, Rev. Mod. Phys. 82, 3045 (2010).
[15] X.L. Qi and S.C. Zhang, Rev. Mod. Phys. 83, 1057 (2011).
[16] Liang Fu, Phys. Rev. Lett. 103, 266801 (2009).
[17] R. Yu, W. Zhang, H.J. Zhang, S.C. Zhang,X. Dai, and Z. Fang, Science 329, 61 (2010).
[18] H.Z. Lu, W.Y. Shan, W. Yao, Q. Niu, S.Q. Shen, Phys. Rev. B 81, 115407 (2010).
[19] D. Hsieh et al., Nature (London) 460, 1101 (2009).
[20] W.K. Tse and A.H. MacDonald, Phys. Rev. Lett. 105, 057401 (2010).
[21] W.K. Tse and A.H. MacDonald, Phys. Rev. B 82, 161104 (2010).
[22] C.X. Liu, H. Zhang, B. Yan, X.L. Qi, T. Frauenheim, X. Dai, Z. Fang, and S.C. Zhang, Phys. Rev. B 81, 041307(R),
(2010).
[23] R. Yu, W. Zhang, H.J. Zhang, S.C. Zhang, X. Dai, and Z. Fang, Science 329, 61, (2010).
[24] B. Seradjeh, J.E. Moore, and M. Franz, Phys. Rev. Lett. 103, 066402 (2009).
[25] Zhou Li and J.P. Carbotte, Phys. Rev. B 89, 165420 (2014).
[26] A.A. Zyuzin and A.A. Burkov, Phys. Rev. B 83, 195413 (2011).
[27] M. Tahir, K. Sabeeh and U. Schwingenschlo¨gl, Scientific Reports 2, 1261 (2013).
[28] S.K. Firoz Islam and T.K. Ghosh, J. Phys.: Condens. Matter 26, 165303 (2014).
[29] T. Ando, A.B. Fowler, and F. Stern, Rev. Mod. Phys. 54, 437 (1982)
[30] C. Zhang and R.R. Gerhardts, Phys. Rev. B 41, 12850 (1990)
[31] V.P. Gusynin and S.G. Sharapov, Phys. Rev. Lett. 95, 146801 (2005)
[32] M. Tahir, K. Sabeeh and U. Schwingenschlo¨gl, J. Appl. Phys. 113, 043720 (2013).
[33] Y. L. Chen, Science 325, 178 (2009)
[34] D. Hsieh, Nature 460, 1101 (2009)
[35] D.S. Illani, M. L. A. K. Kindermann, P. L. McEuen, Nat. Phys. 2, 687 (2006)
[36] J. Xia, F. Chen, J. Li, N. Tao, Nat. Nanotechnology 4, 505 (2009)
[37] T. Fang, A. Konar, H. Xing, D. Jena, Appl. Phys. Rev. Lett. 91, 092109 (2007)
[38] Xiu, F. et al., Scientific Reports 2, 669 (2012)
[39] C. Brune, C. X. Liu, E. G. Novik, E. M. Hankiewicz, H. Buhmann, Y. L. Chen, X. L. Qi, Z. X. Shen, S. C. Zhang, and L.
W. Molenkamp, Phys. Rev. Lett. 106, 126803 (2011)
